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My Motivation

given two matrices A B miter eigenvalsrecs

What can we say about the eigenvalues

of AIB or A B

Depends on the eigenvalues eigenvectors

of A B

Toolist I know i Trace method
2 Weyl's ineq issue P

I A B ICA IE B 21E A ESB



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

What if Eigenvectors are uncorrelated

Look at At QBQ Q is a random
rotation matrix

eigenrics of B b n bn

QBQ Qb bn

can we say something about eigenvalsof

A Q'BQ now

Takes eigenres out of the question
can reason about spectrum
based on Cig A eig B



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Free Probabity Result

As size of matrix on we have

eigenvals A BQ Unfleig A Unf eig B

free additive
lonvolution

treat say m
at



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Why Care About At QTBQ

Let P be a random permutation matrix
Let's look at A P'BP

Let M be a perfect matching matrix

Ao PIMP PIMP BMP 0

9this creates a 3 regular graph
maybe multi edges but prob decreases as

sizeof graph increases

MSS you can bound any on eigenvalue

of Ao nicely

MSS Xu At QTBQ I Xn At P'BP

MSS good P s t

K th root EX AtQBQ k th root Kn AtPBP
Max Xn A PBP Max faxed A Q'BQ



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Free Probability Basics

one more prob theory We

n.sitnsmoments of
Freeness Independence
Central limit theorem
Some analytic tools

Classical Prob Thy

classical independence gives a way of
determining mixed moments by marginals

eg Ifabab IE a IE b a b are indep



                     Freeness
Def Non Commutative Prob space naps

A p

A unital algebra
ring rector space

1st tak.at atb
1

4 A

Tical p ab 0 ba

Elements AEA are called nc random var

Think of Nca a

Ef A non matrices MY normalized trace

4 I 1pca aii tnE.de
aEpet



NCPS Also equipped with a operation

1 To sit

a a
ab boat
cat b at 5

para 0 with equality if a o

With this we can define a to be

Self adjoint a a

Unitary ata aa 1
Normal aat ata

eg We canprove me get inprod prove things like CS ineg
ly bra Tara p b'b



Reiall P encodes moments
Algebra encodes relation bw 8 vs

Analytic Dist

Let A Y be a neps at A normal If 7 cpt supp dist
M on sit

2k ducz P aka k.IE IN

then µ is uniquelydetermined is called
analytic dist of a



Eg Deg Haar Unitary

Let A 4 be a ncps.net is Haar unitary if
it is unitary and

4Eur

The corresponding analytic dist is the

unit dist one unit circle verify



Def Let A p be a naps a bEA are free if all
centered alternating mixed moments vanishi

Eg 4 a 5 0 Eye a

0 05553 0
mm

Eg 1

0 placebo
0 ab 1a b Ib P b

4 ab Y a p b p alp b DCasyb

7 ab 7 a Y b like in classical case



2 Y a5a5 0

FGs bycb a 4cal b 4lb

We get

Y abab 0 a p b V a p bpcajpcbJ.INTalindeptYabab p a p b

Why
harritnffetereness

Commuting v.v are free only if one of them is a constant

Freeness is an as dima phenomenon

Random matrices are asymptotically free



Eg Let Asp be naps Let aib.net sit

U is Haar unitary that is free from a b
Thekanandom

Then a and Ubu are free



Central Limit Theorem both for independence free v.v

CLT asks about

its
an 449

Mamehamisution

where convergence is in terms of moments weakcrg

an a means m f PnaÑ 4 am
one e un

We want to focus on the moments

Fix M N I m is finite N will go to infinity later

Look at

Y ait an
m

mum



Analyzing 7 Cait ans

Y ait an
m Ʃ

mum Ies Intellect catauca.tn 9tag
But note that

419 IE a Y faQq.at1a

We encode this information as follows

Let A Vi Vm be a partition of M

where
i reis rcj Fl i jeve

Eg corresponds 1 5 2,3 3,243At9292 9192
winto

99,9 9 99 IF



Y ait an
m

Eon 4 area Arms

with this we get

Y ait taws g an app
manager's

associated

9 partition only thisdepends onN

common value of
9Arey 9rem r
associated witha

Obv_ A containing singletons does not contribute

Ka pl arm regret
Chapter s

We can restrict to T's miter lal
Mayagoo



Calculating AI

Atl howmany r's are associated with
an

N N 1 N 191 1

because Let a abc de f
partition corresponds to an idx lets say j
appearing at pos a b c

plal

it 9 jitan it Ka Again

Kanttos After

Era its Name ten shestoo



jlt 4 ajay tattoos N can

We had 191 mg because singletons correspond to 0

If taking then a goes to 0

Only pairings survive

to 4 ᵗ J agiting Ka



Classical CLT

a pairings Ka 0 a Pla 1

pairings ofCm Cm 1 Cm

t.tkEEiafiig
m

Then

jan 1th état
m 1cm33 mean

0 m odd

Ba



FREE CLT

to 4 ᵗ
tJ apple.gg Ka

Play with freeness

a is 3,433
419 1 5 ab 4cal4lb

1331 4 ab 4654151

N 1,33 2,43

91.9b b

a 11,43 433

y 5bar play 7lb
1231g V

Plaba Y a'b

Yla's4 5



Def A pairing a is non crossing ftp.iprTo a

P q p2c 92 doesnt happen

we

Fact of such pairings of 2m is Cm the m th
Catalan number

Fact The analytic dist whose case moments are Catalan

numbers is the semicircular dist

Ex
a


