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Markov Chains

Sequence of v.v Xt Mic if

P Xx Y Xo no Xa Nt IP Xa y Xt Nt

Pen y PLATY XEN

SO

t step distribution

ptery Peay El
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Stationary Distribution

Hyer Ily Emacs Play

Ergodic M C

Ft s t An Y Er PLNY 0

Theorem For a finite ergodic M C there exists
a unique stationary dist I s t

AH YES It Pten y aly


































































Rut For ergodic MC when P is symmetric

An yer Pen y PLY N

then IT is uniform over r

Mixing Time

Tmix E Y.IE min t der PIX Dst se

Time until chain mixes ie within TV dists e
from worst initial state


































































On REMARKS

D Showed how one can getuniform
stationary dist orel I

2 Idea Run M L Joe time Enix and
then sample from it

almostunit sampling

Approximate counting o Almost unit sampling
all related

Exalt Counter Exact Sampler
H I

Approx Counter E Approx Sampler


































































Counting Matching in a graph 1kcal
É G

G CU E er em EE

Consider seq of graphs
Go G G Gole Gia Galli

Gm Gmitem V P
a IMCGm 1
IN Go Ill 6 1

I
Imco

MCG IMG
MCGI piece

McGm
IMCGmDl

pi I McGill
MCG D

MCG Yp


































































Bugti Y MCG E MCG D
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M en E MLG
McGii
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Aim Find additive approx to pi to within error

Em multiplicatively w p f g

C Em error to Yp

i
Taking product me obtain

Em c ite approx to 1m61
w p I f

E pi E I estimate pi to additive
error I Egm

i Need to approx pi


































































APPROXIMATING Pi
The fraition of matchings in Gi n that do NOT
contain ei to error I Edm

Idea Use Approx Sampler Ti Unit McGill

A ME Gin ei MY
Use approx unit sampler Mat HM aliveYom

Pum MEAT In MEAT EEm
why

pi En e In MEAT e pi t Em


































































i Byung it is enough to generate

t O Er log Mg matchings from a

re approx and compute fractions that are in A

I
prodding

Total complexity samples

polylogCE


































































STATUS

Approx Unit Sampling
A

Approx Counting

Better than birthday paradox argument


































































Counting Bases of a Matroid

Matroid

III Examples
G IG V E

I SEE I S contains no cycles
Maximum size S are called spawningTrees

pineal Matroid
Y aySEEM rn's Sing linear ja our


































































IT Definition MATROID

n l ny ground set

I E 2nd St

Props I is downward dosed simplicial ca
SEI TES TEI

S

Prop 2 Exchange

S T E I
Feels sit Ste EI

ITI ISI


































































Def Batis Maximal SEI Yexchange prop

Rank common size of bases

Props Bases uniquely determine a matroid

Downward
close


































































Picture IND Ea b c die
B Abc abd abe acd ace

abc abd abe acd ace

ab at all ae be bd be ed Ce

II

É

la b c d e

G Xie107


































































geometric Definition of a Matroid

AIM Given collection of sets F from ground set car

Determine If they form basis of some matroid

APPROACHConsider the set of indicator vectors of Basis

1B BEF 1B 0.94011 910
11
items in basis

consider the Matroid polytope

cont hull Is BEF


































































n a b c d
PICTURE

OO
B ab ac ad be bd Cd

Cux I BEF

0110 0101

1010 1001

1100


































































Theorem

F is a collection of bases of some matroid

I
All edges t dimer faces are parallel to

00
Ci e i j E En

0110 0101
Prog A B neighbours F linearfruit W

1010 100 maximized on edgebin ANB
Exchangethem says at A beB sit

Ala Ub Blb VA all Bases
1100 himality W IA toolB w Alaub twCBlbu

Alaub B weonly max on thatedge
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Corollary Dumaof a matroid is a matroid

CN B B basis

Mf Transform O's to 1 s in polytope Linear transfers
i Edges ofpolytope don'tchange under tinWangi

Corollary Bases restricted to fact of polytopealso formbasis of some matroid

Recall GOAL Sample bases of matriod randomly in

approximately count the number ofbasis


































































Theorem Down up walk on bases of matroidhas

sina.EE Er

Down Up Walk Not typical v no on polytope

s sleetye chosen
u a r f chosen n a r from

those that give a
fixingtime Lys log states She basis

Corollary Mixing time O Crank e log basis

OCrank logn
GuoCryan Mousa 20 Mixing time I 0 Crank log rank
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Proof Sketch

1 Links of simplicial complex are also matroids

2 Top links are O local expanders

3 Profit based on trickle down a local to global





































Def d unit hypergraph H Interrex set v Ens

E E Va

Def Simplicial apex associated with H

Xie Xrco U u Xd Given by downward
closure of H

Xu Id H E X Xu li consists Te Y
c t I CT for TEX Cd

Crash Course on High Dimensional 
Expanders



i When is pure simplicial apex aHigh Dimer Expander
CHDX

Technique called coral to global paradigm

when leDX
Sangerproperty locally

satisfies creakerversion of that property
globally

LINKS Let Eff O e k e d

Link of E local view of sets of node of a graph

tuckexpad siest



on Def Links TEXCry

Link of T Xe our ex one p
Set of stuff lol you add in e s t it is in

but disjoint from t

Xe is d k dimer simplicial complex
PICTURE



eg 3dimer Hypergraph
x X 3 U XC2 U X1

green 2 damn XCX

blue I dimn Xli

X 2 12,23 13 23,341243
1112112,31431

Link of 213 4 link is 3 1 2dinner X 12

Xs 2 233
Xi 1 2,33

Link of 123 a link is 3 2 1 dim i Kiely

Xi 1 33



What is the link of anode of graph
Let us see some examples of a link Link of b

abc abd abe acd ace

ab at all ae be bd be ca ce

la b c d e



i Link of b is

ac ad ae

a c d e



hinkofb another tiene

abl abd abe acd ace

ab at all ae be bd be ca ce

a b c d e

a Take green bait
erase b



ac ad ae
abl abd abe

ab be bd be

a c d e

b g

ping
b y
a c a d a e

Xp E a c d e



Link Example Linh of
abl abd abe acd ace

ab at all ae be bd be ca Ce IX

a b c d e

b c

Tae



Why did we bother with links so much

Informal Statement

If all local links expand RDX

what does it mean for a link to expand

Link is a simplicial complex
Just look at vertices edges of this complex
and see if they expand ie Xii U Xe 2



Re tall XD E

at all ae Xb 2

a c d e Xb l

Corresponding graph

O O

Check if this expands or not



Definitions
I 131 S An3 1

1 Weighted SpectralExpounders G V E is

A spectral expander if
Ar E A

2 V local Spectral Expander

A weighted simplicial apex is r local spec expa
if underlying graph of every i link or

Oc is d 2 is r spectral expander



Oppenheim's tinkling Down Theorem

IDEA Intuitively we have downard datedness
top links should be enough
to tell if its expanding

then Let x T1 be a d dimer simplicial spox

1 Every d 2 link is r spectral expander

2 A i links an connected for of is d 2

Then X T is a

1 ta ar
local spectral expander



Owing to Trickling down theorem it suffices
to ensure

Top links are expanding y
apex is
expandingcomplex is converted



The Picture

I we want to analyse mixing time of
stety

Down up Walk S
e

thin iie X2 of this v w matrix

FOLKLORE

Mixing time
penny

log states

2 Fortunately in 2018 Kauffman Oppenheim
proved spectral gap results for

Down up walks in general
3 ALOV 19 Used 20118



My Kaufman r Oppenheim 20183

Let ex II be a pure d dima o local spectral
expander and let OE ka d

Then second largest eig of Down up walk
on a k face is at most

PY s t t

Now we have all the tools to analyze
matroid sampling algorithm



RECALL PROOF SKETCH

Af Links of simplicial complex are also matroids
a a

Top links an o local expanders

Profit based on trickle down a local to global



LAT Links of simplicial apex are also matroids
Link Xe of ee Xlr ie

d k dimu simplicial eple

In matroid Language

Link lorresponds to matroid restricted
to a face which is also a matroid

0011 100

Ya E Cabird I
0101

1001 010 001

This is a matroid u

to link is Ia first coordinate



IB Top links all 0 local expanders

Now we need to prove that matroids that
are top links are o local spectral expander
Need this to use trickle down theorem

then Let XT be a ddimer simplicialspox

I Every Cdffenk is r spectralexpander

A 2 A i links an connected for of is d 2

g
dis

Then X T is a

1 Yay
localspectral expander

In matroid language celebs are K2matroids



Good News We know full characterization
of rank 2 matroids

T P X2 8 w on rank 2 matroid E 0

Characterisation
I

w

edge signifies that

Eu isabay

This graph is a matroid of rank 2I
completemultipartitegraph t isolated vertices



This graph is a matroid of rank 2I
completemultipartitegraph t isolated vertices

Follows from exchange property Fettes t.se
eg Forbiddenconfig

obsidian TIS a c



consider equivalence relationship vie

von if u v3 not an edge

Then arb bro arc

i Now we look at paladignompletemultipartie 20graph
a

A O I
1 I O

D It
i
NCA so



But we need to show Nr for 2 no matrix
not adjacency matrix

haunt Let Symon M 30 TFAE

Az M EO

Fh 1 dimer sp V S E TREV FMX EO

Let VER O let Ve X EMV o

i Xe V X'M X E O

AVERY FMX WMU E MMI



Using this me can prove that

If 721M EO M O D diag with 30

then I DMD E O

I

LIEM BK to

and
p'm Klar 15km5
me roo matrix

d l M to E



Putting things together

to Links of simplicial apex are matroids

2 Top links are o local spectral expanders
Iby showing rank 2 matroidionnection

3 Everything is connected in our example

h Use Trickle down then of Oppenheim to

imply simplicial apex all o local spectralexp

5 Use Rayman e Oppenheim to give bound
on

Xz down up walk

Mixing time unit sampling counting
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