
 

RECITATION 1
Concentration Ineq



Motivation

Functions of random variables are
very useful
e g f X Xu X it t Xn

f x Xn ME Xi etc

Expectation is relatively easy to compute
bound

Concentration ineq gives conditions
under which

f Xi Xu I E fly Xn



II fix Xn Effy xD se e f

In AMLDS

IP of a bad event s f

generally we are interested in various

regimes of E f

Ideally small E u smalls

Small E fix Xu NOT too faraway
from II fair XD

Small 8 jex xn is close to Elfa
most of time



eg In AMLDS the smaller the f the
union bound can be taken over
more bad events

for a fixed failure
probability



Markov's Ineq
Then V.V X non negative valued For any t 0

PC X t E

IE
pdist of X

Pf Done in class

Edits
LEX E P S s

PES S I IP x s s

3 O t E IP XS
t PIX t a



Let Xi An Ed dist of X thinkof has HUGE

Xit Xu EX IN

E X M

I I M Y t ly Xi o ti

What is the maximum number of Xi that
are It a avg is he

To compute that suppose all Xi's a t
worst are at o
case

All Xi's t are at t



O t Xi's t t EX tidasewors
n

Xist t EX in worst
case

n
I E in reality.mei Xi's St

get I

Pex t e Ef
B



What if v.v X takes negative values

Idea Apply Markov's but make your a r
Somehow non negative

Chebyshev's Applied Markov's to

x EXT instead of X EX

IP K Ext E e ICH EX
t

vary

7 3 PC X EXIST E VargX



We are interested in the event

PRIX EXIST

So what we did was we looked at

PC x ED t

we need heshorst
x EXP E Ix Exist

a

B
bound PCB



In general

het 0 be a function s t 4h30 tu

que Oct rest

then

IPCX t e PCO x Oct ION
Oct

p Éh i choose a non decreasing
non negative function

I n
t N

What was 0 in Chebyshev's



Goal Choose 0 s t Oct is large
I 0 x is easy to bound

e small

Suppose Xn Nco 1 Gaussian with mean o
a variance o I

Chebyshev's

P HEX t E I
Actual

PCHEX t E 2 É Ija é dx
t



We set a HUGE difference
let's fix error probability 8

In the Gaussian case Chebyshevs ing gina

PC IX EXIST S L a t JI

PCH EX JI L

Actually
pay exist E 2É t

to flogtt
a PC x ex Ta es



X is much closer to its expectation when
X is a Gaussian v.v

COMPARE flogt VIS JI
Maybe a more clever 0 could help us
Lets by Ocr se
Let XV V10 1

IPC X EXIST E IPC x Ex E e ECK EN e EYt

IP IX EXIST E 34 8 a t 435

IP Ix Ext FE ES



With magic of Wikipedia we can get that

IP IX EX at PC x Exim MY e 2MHit
Em

E 2M Mm L2M

I 2min71 it FYI
IP x EX Jig E f After somuchhard

work still didn'tget

flogtt



good attempt but IX ED is difficult
to calculate in general

Maybe I can apply a more clever function

Lets try perse et for somex

P X Ex t e p EY EN eat

I et
ex ex

ext

exp É
ext



Recall the goal Make pal small
Oct big

A is in our control so I will
choose the beta

min exp RE At
a

explaE at WI t so

i

p

exp É at exp E It Eg



i Weget
PC x Ex St e exp E if

i t flight
PC X Ex Figs E f

We get the desired bound in order

Pix exp xx r awesome



Oca e is a nice idea for Gaussian
BUT is El exp xx easy to compute

Lets try it for our fav example
X Xu Ed Bera P

E EX np S Exi

Markov's
pls t e if

B a

pls y es



Chebyshev's

PC Ex up t e ECE nt
t

Var ht txu Vardi

npc p

p Is pl f e 1 18 tf
P Isa pl Es es



Let's try with 4 x1 e

PC Exi up t e P explexi up expat

e IE explacexi up

expert

exec amp I exp x Exi
expat



Lets calculate I exp xExi

II explax expexxa explain

ECexpcaxi why

If play p expat i p explol

petter p



we get that

PC Exi up t s tetter e exptan

expat

GOAL Make RHS small

min te't c p exp sup
expert



n pet in p ped expl sup xt

Ke't l pjexpf xnp.at GnpY
O

pet Ke't e p npt

e i nyt If npf



ye log E ME
nee

Too Difficult to evaluate

Let's try to simplify

I



AtfÉjexp xp N

het t lte up

petter pi expf dip 2 4

ed E Ite DK knee

IIe E It E DX

It DP
exp E DP



PC EX 3 ITEM

expled ups
exp a litem

i PC X 3 Cte M e exp Dnp date

min e Dnp Nite up
ex y temp a log ite



PC x x Lte M e

explenp Cte loge item

IP X M EM I exp fu Italogates e

i Eto D

PC x 3 ITEM E exp ME



Chernoff Final Bound

expf my g

ME log Y D Ef3
i

LEG MI s

Jiggsfat Gaussian

PC Ed FEED L



In general If we know a good
bound on

II ex that suffices

If Diab then

a O E b nog

w exi exp xga
SubGaussian v.v

Eleni e exp XI ta



Hoeldings

P Ex t e exp n b at n
8

exp Xt

exp Cb ath at min nuts
8

lb ft t a di
an



IPC Exist EexpGET n tain
ext EIN

Be



at

at

ME

Bounded difference

f Xi Xin Xi Titi Tn fair XinXiTita Xn
Ci Tien



HI
1 Try Chernoff's proof on your own
2 Prove Hoellding's lemma i.e

If Xi E Ca b Exi o then

Eleni J s exp XIII their

3 Work out proof of Chernoff using
Hoel ding's lemma

4 Google Subgaussian r r


