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Abstract

We study the problem of approximately recovering a probability distribution given noisy
measurements of its Chebyshev polynomial moments. We sharpen prior work, proving that
accurate recovery in the Wasserstein distance is possible with more noise than previously known.

As a main application, our result yields a simple “linear query” algorithm for constructing
a differentially private synthetic data distribution with Wasserstein-1 error O(1/n) based on a
dataset of n points in [—1,1]. This bound is optimal up to log factors and matches a recent
breakthrough of Boedihardjo, Strohmer, and Vershynin [Probab. Theory. Rel., 2024], which
uses a more complex “superregular random walk” method to beat an O(1/y/n) accuracy barrier
inherent to earlier approaches.

We illustrate a second application of our new moment-based recovery bound in numerical
linear algebra: by improving an approach of Braverman, Krishnan, and Musco [STOC 2022], our
result yields a faster algorithm for estimating the spectral density of a symmetric matrix up to
small error in the Wasserstein distance.



1 Introduction

The problem of recovering a probability distribution (or its parameters) by “matching” noisy
estimates of the distribution’s moments goes back over 100 years to the work of Chebyshev and
Pearson [Pea94; Pea36; Fisl1]. Moment matching continues to find a wide variety of applications,
both in traditional statistical problems [KMV10; MV10; RSS14; WY19; WY20; FL23] and beyond.
For example, moment matching is now widely used for solving eigenvalue estimation problems in
numerical linear algebra and computational chemistry [WWAF06; CKSV18; CTU21; Che22].

One powerful and general result on moment matching for distributions with bounded support is that
the method directly leads to approximations with small error in the Wasserstein-1 distance (a.k.a.
earthmover’s distance). Concretely, given a distribution p supported on [—1,1],! any distribution ¢
for which E,p[2'] = Epgz?] for i = 1,...,k satisfies Wi(p, q) = O(1/k), where W; denotes the
Wasserstein-1 distance [KV17; CTU21]. Le., to compute an e-accurate approximation to p, it suffices
to compute p’s first O(1/€) moments and to return any distribution ¢ with the same moments.

Unfortunately, the above result is highly sensitive to noise, so is difficult to apply in the typical
setting where, instead of p’s exact moments, we only have access to estimates of the moments (e.g.,
computed from a sample). In particular, it can be shown that the accuracy of these estimates needs
to be proportional to 1/2* if we want to approximate p up to Wasserstein error O(1/k) [JMSS23]. In
other words, distribution approximation is poorly conditioned with respect to the standard moments.

1.1 Chebyshev moment matching

One way of avoiding the poor conditioning of moment matching is to move from the standard
moments, Esz[xi], to a better conditioned set of “generalized” moments. Specifically, significant
prior work [WWAF06; WJF*16; BKM22| leverages Chebyshev moments of the form E,,[T;(z)],
where T} is the i*" Cheybshev polynomial of the first kind, defined as:

To(x) =1 Ti(x) ==z Ti(x) = 22T;_1(x) — T;—o(x), for i > 2.

The Cheybshev moments are known to be less noise sensitive than the standard moments: instead
of exponentially small error, 0(1 /k) additive error? in computing p’s first ¥ Chebyshev moments
suffices to find a distribution that is O(1/k) close to p in Wasserstein distance (see, e.g., Lemma 3.1
in [BKM22]). This fact has been leveraged to obtain efficient algorithms for distribution estimation
in a variety of settings. For example, Chebyshev moment matching leads to O(n?/poly(¢)) time
algorithms for estimating the eigenvalue distribution (i.e., the spectral density) of an n x n symmetric
matrix A to error €||Al|2 in the Wasserstein distance [BKM22].

Cheybshev moment matching has also been leveraged for differentially private synthetic data
generation. In this setting, p is the uniform distribution over a dataset z1,...,xz,. The goal is to
find some ¢ that approximates p, but in a differentially private way, which informally means that ¢
cannot reveal too much information about any one data point, x; [DNRRV09; RLP20; MMSM?22].
Such a ¢ can be used to generate private synthetic data that is representative of the original data.
One approach to solving this problem is to compute p’s Chebyshev moments, and then add noise,
which is known to ensure privacy [DR14]. Then, one can find a distribution ¢ that matches the
noised moments. It has been proven that, for a dataset of size n, this approach yields a differentially
private distribution ¢ that is O(1/n'/3) close to p in Wasserstein distance [WJF*16].

!The result easily extends to p supported on any finite interval by shifting and scaling the distribution to [—1,1].
For a general interval [a, b], matching k moments yields error O(|a — b|/k) in Wasserstein-1 distance.
*Throughout, we let O(z) denote O(zlog®(z)) for constant c.



1.2 Owur contributions

Despite the success of Chebyshev moment matching, including for the applications discussed above,
there is room for improvement. For example, for private distribution estimation, alternative methods
can achieve nearly-optimal error O(1/n) in Wasserstein distance for a dataset of size n [BSV24],
improving on the O(1/n'/3) bound known for moment matching. For eigenvalue estimation, existing
moment matching methods obtain an optimal quadratic dependence on the matrix dimension n,
but a suboptimal polynomial dependence on the accuracy parameter, e [BKM22].

The main contribution of this work is to resolve these gaps by proving a sharper bound on the
accuracy with which the Chebyshev moments need to be approximated to recover a distribution to
high accuracy in the Wasserstein distance. Formally, we prove the following:

Theorem 1. Let p,q be distributions supported on [—1,1]. For any positive integer k, if the
distributions’ first k Chebyshev moments satisfy

fj?(ﬂa Tj(z) - E Tj(ar)>2sr2, (1)

2 xrr €T
then, for an absolute constant 0,3

Wilp.q) < 7 +T. (2)

As a special case, (1) holds if for all j € {1,...,k},
| 4
<I'-y/———.
- 1+ logk (3)

Theorem 1 characterizes the Chebyshev moment error required for a distribution ¢ to approximate
p in Wasserstein distance. The main requirement, (1), involves a weighted ¢ norm with weights
1/52, which reflects the diminishing importance of higher moments on the Wasserstein distance.
Referring to (3), we obtain a bound of Wi (p, q) < O(1/k) as long as ¢’s j*" moment differs from p’s

by O(v/7/k). In contrast, prior work requires error O(1/k) for all of the first k moments to ensure
the same Wasserstein distance bound (Lemma 3.1, [BKM22]).

E Tj2) - E Tj(x)

T~p x~q

As a corollary of Theorem 1, we obtain the following algorithmic result:

Corollary 2. Let p be a distribution supported on [—1,1]. Given estimates My, ..., My satisfying

Z?:l j% (Egmp Tj(x) — mj)2 < T2, Algorithm 1 returns a distribution q with Wi (p,q) < ¢ - (% + F)

for a fized constant ¢ in poly(k) time.

Algorithm 1 simply solves a linearly-constrained least-squares regression problem to find a distribution
q supported on a sufficiently fine grid whose moments are nearly as close to those of p as mq, ..., M.
We then obtain Corollary 2 by applying Theorem 1 to bound Wi (p, q). The linear constraints ensure
that ¢ is positive and sums to one (i.e, that it is a valid distribution). This problem is easily solved
using off-the-shelf software: in our experiments, we use a solver from MOSEK [DB16; MOS19].

Like prior work, our proof of Theorem 1 (given in Section 3) relies on tools from polynomial
approximation theory. In particular, we leverage a constructive version of Jackson’s theorem on

3Concretely, we prove a bound of %6 + I'; although we believe the constants can be improved, at least to 27" + T,

and possibly further. See Section 3 for more discussion.
4Throughout, we let log k denote the natural logarithm of k, i.e., the logarithm with base e.



polynomial approximation of Lipschitz functions via “damped Chebyshev expansions” [Jac12].
Lipschitz functions are closely related to approximation in Wasserstein distance through the
Kantorovich-Rubinstein duality: Wi (p,q) = max;_rip s f_ll f(z)(p(x) — q(x))dx. In contrast to prior
work, we couple Jackson’s theorem with a tight “global” characterization of the coefficient decay
in the Chebyshev expansion of a Lipschitz function. In particular, we prove that any 1-Lipschitz
function f with Chebyshev expansion f = }>72 ¢;T; has coefficients that satisfy 3272, j2c? =0(1).
Prior work only leveraged the well-known “local” decay property, that the j™ coefficient has
magnitude bounded by O(1/j) [Trel9]. This property is implied by our bound, but much weaker.

1.3 Applications
We highlight two concrete applications of Theorem 1.

Differentially Private Synthetic Data. Privacy-enhancing technologies seek to protect in-
dividuals’ data without preventing learning from the data. For theoretical guarantees of privacy,
differential privacy [DR14] has become the industry standard, having been used in massive data
products like the US Census, and included as a core tenet of the recent Executive Order on the Safe,
Secure, and Trustworthy Development and Use of Artificial Intelligence [Bid23; Abol18; AAST19].

Concretely, we are interested in the ubiquitous notion of approximate differential privacy:

Definition 3 (Approximate Differential Privacy). A randomized algorithm A is (e, 0)-differentially
private if, for all pairs of neighboring datasets X, X’, and all subsets B of possible outputs:

PlA(X) € B] < ¢ - PLAX") € B] + .

In our setting, a dataset X is a collection of n points in a bounded interval (without loss of generality,
[—1,1]). Two datasets of size n are considered “neighboring” if all of their data points are equal
except for one. Intuitively, Definition 3 ensures that the output of A is statistically indistinguishable
from what the output would be if any one individual’s data was replaced with something arbitrary.

There exist differentially private algorithms for a wide variety of statistical tasks [JL14; LLSY17;
MTV*+20]. One task of primary importance is differentially private data synthesis. Here, the goal is
to generate synthetic data in a differentially private way that matches the original dataset along a
set of relevant statistics or distributional properties. The appeal of private data synthesis is that,
once generated, the synthetic data can be used for a wide variety of downstream tasks: a separate
differentially private algorithm is not required for each potential use case.

Many methods for private data synthesis have been proposed [HLM12; ZCPSX17; LVW21; AAST19;
ABK™21; RHR'23; DSB21]. Such methods offer strong empirical performance and a variety of
theoretical guarantees, e.g., that the generated synthetic data can effectively answer a fixed set of
data analysis queries with high accuracy [HLM12; MMSM22|. Recently, there has been interest in
algorithms with more general statistical guarantees — e.g., guarantees that the synthetic data comes
from a distribution close in statistical distance to the original data [WJF*16; BSV24; HVZ23]. By
leveraging Theorem 1, we contribute the following result to this line of work:

Theorem 4. Let X = {z1,...,2,} be a dataset with each x; € [—1,1]. Let p be the uniform
distribution on X. For any €,6 € (0,1), there is an (e, d)-differentially private algorithm based on
Chebyshev moment matching that, in O(n) + poly(en) time, returns a distribution q satisfying for a



fized constant cq,

EW:(p, q)] < c1 log(en)+/log(1/4) .

€n

Moreover, for any B € (0,1/2), Wi(p,q) < 1 V/log(1/5) Hog(en)/log(cn) log(1/9) with probability > 1— f3.

en

The distribution g returned by the algorithm behind Theorem 4 is represented as a discrete
distribution on O(en) points in [—1, 1], so can be sampled from efficiently to produce a synthetic
dataset of arbitrary size. Typically, ¢ is chosen to be 1/poly(n), in which case Theorem 4 essentially
matches a recent break-through result of Boedihardjo, Strohmer, and Vershynin [BSV24], who
give an (e, 0)-differentially private method with expected Wasserstein-1 error O(log®?(n)/(en)),
which is optimal up to logarithmic factors.® Like that method, we improve on a natural barrier
of O(1/(ey/n)) error that is inherent to “private histogram” methods for approximation in the
Wasserstein-1 distance [HRMS10; XWG10; QYL13; XZX+13; DR14; ZXX16; LLSY17].

The result of [BSV24] introduces a “superregular random walk” to directly add noise to x1,...,z,
using a correlated distribution based on a Haar basis. Our method is simpler, more computationally
efficient, and falls directly into the empirically popular Select, Measure, Project framework for
differentially private synthetic data synthetis [VAAT22; LVW21]. In particular, as detailed in
Algorithm 2, we compute the Chebyshev moments of p, add independent noise to each moment using
the standard Gaussian mechanism [DKMMNO06; MMO09], and then recover ¢ matching these noisy
moments. We verify the strong empirical performance of the method in Section 6. A method similar
to ours was analyzed in prior work [WJFT16], although that work obtains a Wasserstein error bound
of O(1/en'/3). Our tighter connection between Chebyshev moment estimation and distribution
approximation proven in Theorem 1 allows us to obtain a significantly better dependence on n.

We note that [HVZ23] also claims a faster and simpler alternative to [BSV24]. While the simplest
method in that paper has error scaling with O(l /v/n) , they describe a more complex method that
matches our O(1/n) result up to a log(n) factor. While we are not aware of an implementation
of that algorithm, empirically comparing alternative methods for generating synthetic data with
Wasserstein distance guarantees would be a productive line of future work. Additionally, we note
that, in concurrent work to ours, Feldman et al. study a stronger notion of instance optimal private
distribution estimation in the Wasserstein distance [FMST24]. It would be interesting to explore if
Cheybshev moment matching has any applications in this setting.

Matrix Spectral Density Estimation. Spectral density estimation (SDE) is a problem of
central importance in numerical linear algebra. In the standard version of the problem, we are given
a symmetric n X n matrix A, which has real-valued eigenvalues A1 > ... > \,. Letting p denote
the uniform distribution over these n eigenvalues, the goal is to output ¢ which is close to p in the
Wasserstein distance. An approximate spectral density can be useful in determining a variety of
properties of A’s eigenvalue spectrum — e.g., if its eigenvalues are decaying rapidly or if they follow
a distribution characteristic of random matrices. Efficient SDE algorithms were originally studied
in computational physics and chemistry, and are widely used to compute the “density of states” of
quantum systems [Ski89; SR94; MAP20]. More recently, the problem has found applications in
network science [DBB19; CKSV18; JKMSS24], deep learning [CKS91; PSG18; MM19; YGKM20],
optimization [GKX19], and beyond [LXES19; CTU22].

®An Q(1/(en)) lower bound on the expected Wasserstein error holds via standard ‘packing lower bounds’ which
imply that even the easier problem of privately reporting the mean value of a dataset supported on [—1, 1] requires
error §2(1/(en)). See e.g., [Kam20], Theorem 3.



Many popular SDE algorithms are based on Chebyshev moment matching [WWAF06]. The ith
Chebyshev moment of the spectral density is equal to E,, Tj(z) = %E?zl T;(A;) = tr(2T3(A)).
This trace can be estimated using a small number of matrix-vector products with 7;(A), using
stochastic trace estimation techniques like Hutchinson’s estimator [Hut90; MMMW21]. Since T; is a
degree-i polynomial, each matrix-vector product with 7;(A) requires just ¢ products with A. Thus,
with a small number of products with A, we can obtain approximate moments for use in estimating
p. Importantly, this approach can be applied even in the common implicit setting, where we do not

have direct accress to the entries of A, but can efficiently multiply the matrix by vectors [AT11].

Recently, [BKM22| gave a theoretical analysis of Chebyshev moment-matching for SDE, along with
the related Kernel Polynomial Method [WWAFO06]. They show that when n is sufficiently large,
specifically, n = Q(1/€?), then O(1/¢) matrix-vector products with A (and poly(1/¢) additional
runtime) suffice to output ¢ with Wi(p,q) < €||A||,, where ||A]|, = max; |\;| is A’s spectral norm.

While the result of [BKM22] also holds for smaller values of n, it suffers from a polynomially
worse 1/e dependence in the number of matrix-vector products required. By leveraging Theorem 1,
we resolve this issue, showing that O(l /€) matrix-vector products suffice for any n. Roughly, by
weakening the requirements on how well we approximate A’s spectral moments, Theorem 1 allows us
to decrease the accuracy with which moments are estimated, and thus the number of matrix-vector
products used by Hutchinson’s method. Formally, we prove:

Theorem 5. There is an algorithm that, given € € (0,1), symmetric A € R™*"™ with spectral density
p, and upper bound® S > ||All2, uses O (%) matriz-vector products” with A and O(n/e + 1/€3)
additional time to output a distribution q such that, with high probability, W1(p,q) < €S.

In the case when A is dense, Theorem 5 yields an algorithm that runs in O(n?/e +1/€%) time, which
can be much faster than the O(n*) time required to compute p directly via a full eigendecomposition.
In terms of matrix-vector products, the result cannot be improved by more than logarithmic factors.
In particular, a recent lower bound on estimating the trace of a positive definite matrix [WZZ22]
implies that ©(1/e) matrix-vector products with A are necessary to approximate the spectral density
p up to error €||Al|2 (see Appendix C for details). Thus, Theorem 5 resolves, up to logarithmic
factors, the complexity of the SDE problem in the “matrix-vector query model” of computation,
where cost is measured via matrix-vector products with A. Understanding this model has become
a core topic in theoretical work on numerical linear algebraic, as it generalizes other important
models like the matrix sketching and Krylov subspace models [SWYZ21]. Our work contributes to
recent progress on establishing tight upper and lower bounds for central problems like linear system
solving [BHSW20], eigenvector approximation [MM15; SER18], trace estimation [JPWZ24], and
more [CDLLN23; BN23; ACK™24; CKHMM?24].

2 Preliminaries

Before our main analysis, we introduce notation and technical preliminaries.

5The power method can compute S satisfying ||All2 < S < 2||A|2 using O(logn) matrix-vector products with A
and O(n) additional runtime [KW92]. In some settings, an upper bound on ||Al|2 may be known a priori [JKMSS24].

"Formally, we prove a bound of min {n, 0] (%) - (1 + M) } matrix-vector products to succeed with
probability 1 — d. For constant 4, this is at worst O (log4(1/e)/e), but actually O(1/e) for all ¢ = Q(n/log* n).



Notation. We let Z>q denote the natural numbers and Z~ denote the positive integers. For a

vector z € R, we let ||z[s = y/>.F_; 27 denote the Euclidean norm. We often work with functions
from [—1,1] — R. For two such functions, f, g, we use the convenient inner product notation:

(fog) & /_ 11 F(@)g(x) da.

We will often work with products, quotients, sums, and differences of two functions f, g, which are
denoted by f -g, f/g, f + g, and f — g, respectively. E.g., [f - g](z) = f(x)g(x). For a function
fi[=1,1] = R, we let || f[loo denote [|flloc = maxzey 17| f(x)| and [|f[l = [, |f ()] dz.

Wasserstein Distance. This paper concerns the approximation of probability distributions in
the Wasserstein-1 distance, defined below.

Definition 6 (Wasserstein-1 Distance). Let p and ¢ be two distributions on R. Let Z(p, q) be the
set of all couplings between p and ¢, i.e., the set of distributions on R x R whose marginals equal p
and ¢q. Then the Wasserstein-1 distance between p and q is:

Wilp,g)= inf | E |z—yll.
ipa) = inf Lw)wfv y!}

The Wasserstein-1 distance measures the total cost (in terms of distance per unit mass) required to
“transport” the distribution p to ¢. Alternatively, it has a well-known dual formulation:

Fact 7 (Kantorovich-Rubinstein Duality). Let p,q be as in Definition 6. Then Wi(p,q) =
SUP1_Lipscnits 7P — @), where f R — R is 1-Lipschitz if | f(z) — f(y)] < | — y] for all 2,y € R.

Above we slightly abuse notation and use p and ¢ to denote (generalized) probability density
functions® instead of the distributions themselves. We will do so throughout the paper.

In our analysis, it will be convenient to assume when applying Fact 7 that, in addition to being
1-Lipschitz, f is smooth, i.e. that it is infinitely differentiable. Since any Lipschitz function can be
arbitrarily well approximated by a smooth function, we can do so without changing the distance. In
particular, for distributions on [—1, 1] we have:

Wi(p, q) = sup (f.p—a)- (4)
1-Lipschitz, smooth f

Chebyshev Polynomials and Chebyshev Series. Our main result analyzes the accuracy
of (noisy) Chebyshev polynomial moment matching for distribution approximation. The Cheby-
shev polynomials are defined in Section 1.1, and can alternatively be defined on [—1,1] via the
trigonometric definition, Tj(cos #) = cos(jf). We use a few basic properties about these polynomials.

Fact 8 (Boundedness and Orthogonality, see e.g. [Hall5]). The Chebyshev polynomials satisfy:
1. Boundedness: Vz € [—1,1] and j € Z>, |Tj(z)| < 1.

2. Orthogonality: The Chebyshev polynomials are orthogonal with respect to the weight function

w(z) = \/1177 In particular, fori,j € Z>o, i # j, (T; - w,T;) = 0.

To obtain an orthonormal basis we also define the normalized Chebyshev polynomials as follows:

8p and ¢ might correspond to discrete distributions, in which case they will be sums of Dirac delta functions.



Deﬁnition 9 (Normalized Chebyshev Polynomials). The j** normalized Chebyshev polynomial,

T}, is defined as T} dff]}/,/(Tj -w, Tj). Note that (T} - w,T}) equals 7 for j = 0 and 7/2 for j > 1.

We define the Chebyshev series of a function f: [-1,1] — R as 3772, <f -w, Tj> T;. If f is Lipschitz
continuous then the Chebyshev series of f converges absolutely and uniformly to f [Trel9, Theorem
3.1]. Throughout this paper, we will also write the Chebyshev series of generalized probability
density functions, which could involve Dirac delta functions. This is standard in Fourier analysis,
even though the Chebyshev series does not converge pointwise [Ligh8]. Formally, any density p can
be replaced with a Lipschitz continuous density (which has a convergent Cheybshev series) that is
arbitrarily close in Wasserstein distance and the same analysis goes through.

3 Main Analysis

In this section, we prove our main result, Theorem 1, as well as Corollary 2. To do so, we require
two main ingredients. The first is a constructive version of Jackson’s theorem on polynomial
approximation of Lipschitz functions [Jac30]. A modern proof can be found in [BKM22, Fact 3.2].

Fact 10 (Jackson’s Theorem [Jac30]). Let f : [-1,1] — R be an {¢-Lipschitz function. Then,
for any k € Zsq, there are k + 1 constants 1 = bg > > bi > 0 such that the polynomial

=S50 (fow,Ty) - Ty satisfies | f — fill < 18¢/k.

It is well-known that truncating the Chebyshev series of an ¢-Lipschitz function f to k terms leads
to error O(logk - é) in the / distance [Trel9]. The above version of Jackson’s theorem improves
this bound by a log k factor by instead using a damped truncated Chebyshev series: each term in
the series is multiplied by a positive scaling factor between 0 and 1. We will not need to compute
these factors explicitly, but b}, has a simple closed form (see [BKM22, Equation 12]).

To bound the Wasserstein distance between distributions p, ¢, we need to upper bound (f,p — q)
for every 1-Lipschitz f. The value of Fact 10 is that this inner product is closely approximated
by (fx,p — q). Since fi is a damped Chebyshev series, this inner product can be decomposed as a
difference between p and ¢’s Chebyshev moments. Details will be shown in the proof of Theorem 1.

The second ingredient we require is a stronger bound on the decay of the Chebyshev coefficients,
< fw, Tj>, which appear in Fact 10. In particular, we prove the following result:

Lemma 11 (Global Chebyshev Coefficient Decay). Let f: [—1,1] — R be an ¢-Lipschitz, smooth
function, and let ¢c; = <f w T> for j € Z>o. Then, Z]‘?‘;l(jcj) < T2

Lemma 11 implies the well known fact that ¢; = O(¢/j) for j > 1 [Tre08]. However, it is a much
stronger bound: if all we knew was that the Chebyshev coefficients are bounded by O(¢/j), then
> 52 ( jc;j)? could be unbounded. We show that it can in fact be bounded by O(¢?). Informally, the
implication is that not all coefficients can saturate the “local” O(¢/j) constraint at the same time,
but rather obey a stronger global constraint, captured by a weighted £5 norm of the coefficients.

3.1 Proof of Theorem 1

We prove Lemma 11 in Section 3.3. Before doing so, we show how it implies Theorem 1.

Proof of Theorem 1. By (4), to bound Wi(p, q), it suffices to bound (f,p — ¢) for any 1-Lipschitz,



smooth f. Let fr be the approximation to any such f guaranteed by Fact 10. We have:

(fip—a)=frp—@)+{f = fop— @) < (fe,0— @) + If — frlloollp — allx
< Uop—a)+ - o)

In the last step, we use that || f — fillco < 18/k by Fact 10, and that ||p — ¢|[1 < ||p|l1 + |l¢ll1 = 2.
So, to bound (f,p — ¢) we turn our attention to bounding (fx,p — ¢).

For technical reasons, we will assume from here on that p and ¢ are supported on the interval
[-1+ 0,1 — 4] for arbitrarily small § — 0. This is to avoid an issue with the Chebyshev weight
function w(z) = 1/v/1 — 2?2 going to infinity at x = —1,1. The assumption is without loss of
generality, since we can rescale the support of p and ¢ by a (1 — d) factor, and the distributions’
moments and Wasserstein distance change by an arbitrarily small factor as § — 0.

We proceed by writing the Chebyshev series of the function (p — ¢)/w:

i e L R Ve
j=0 Jj=0

In the last step we use that both p and ¢ are distributions so <p —q, Tg> =1/m—1/m=0.

Next, recall from Fact 10 that f; = Z;?:o c;Tj, where each ¢} satisties [ < ;| for ¢; of (f - w,Tj).
Using (6), the fact that (T; - w,T;) = 0 whenever i # j, and that (T} - w, T‘> =1 for all j, we have:

k
J=0 Jj=1

Via Cauchy-Schwarz inequality and our global decay bound from Lemma 11, we then have:

T N 1/2 N 1/2
(fe,p Z]C el (Z(j03)2) (Z (p—q.T )
)

1/2 1/2
k ko
< § ]C] § ) p q’
J=1 =17

1/2
<W( S q,T>2) . (7)

Observing from Definition 9 that (p—g, Tj)/\/7/2 is exactly the difference between the 5 Chebyshev
moments of p and ¢, we can apply the assumption of the theorem, (1), to upper bound (7) by I'.
Plugging this bound into Equation (5), we conclude the main bound of Theorem 1:
36
Wi(p,q) = sup (fip—a) =T+
1-Lipschitz, smooth f

We note that the constants in the above bound can likely be improved. Notably, the 36 comes
from multiplying the factor of 18 in Fact 10 by 2. As discussed in [BKM22, Appendix C.2|, strong
numerical evidence suggests that this 18 can be improved to 7, leading to a bound of I' + 2

Finally, we comment on the special case in (3). If |Ey~p Tj(2) — Ezwq (@) =p—q, T)|/V7/2 <

r. 1/1+logk for all j thenwehavethatz 1(p—q,Tj) _IHngZj 1;§I‘2 N



Algorithm 1 Chebyshev Moment Regression

Input: Estimates m1,..., My for the first k& Chebyshev polynomial moments of a distribution p.
Output: A probability distribution ¢ approximating p.
1: For g = [k1%], let C = {x1,...,24} be the degree g Cheybshev nodes. lLe., z; = cos (bﬂ)

29
2: Let q1,...,qq solve the following optimization problem:
koq g 2
minzl’._’zg Z Fo) <mj — Z zZT](x,)>
=17 i=1

g
subject to Zzi =land z >0, Vie{l,...,9}.
i=1

3: Return ¢ = >j%, ¢;d(x — z;), where § is the Dirac delta function.

3.2 Efficient recovery

The primary value of Theorem 1 for our applications is that, given sufficiently accurate estimates,
m1, ..., Mk, of p’s Chebyshev moments, we can recover a distribution ¢ that is close in Wasserstein-1
distance to p, even if there is no distribution whose moments exactly equal /q,..., M.

This claim is formalized in Corollary 2, whose proof is straightforward. We outline the main idea

- N2
here. Recall the condition of the corollary, that Z;?:l J% (mj — (p, TJ>) < I'’2. Now, suppose we
could solve the optimization problem:

1 — N2
q- = argmin — (my — (g, 7)) .
distributions g on [—1,1] ]Zl j2 ( ! ! )

Then by triangle inequality we would have:

kl i 721/2 kl 721/2 kl 721/2
(ZQQWM—WJM) S(ZQO%—WJM> +(220m—mn»)

J

1/2
k 1 2
<%Zgwrmmw <o 0
j=1

J

It then follows immediately from Theorem 1 that Wi (p,¢*) < O (% + F), as desired.

The only catch with the argument above is that we cannot efficiently optimize over the entire
set of distributions on [—1,1]. Instead, we have to optimize over a sufficiently fine discretization.
Specifically, we consider discrete distributions on a finite grid, choosing the Chebyshev nodes (of the
first kind) instead of a uniform grid because doing so yields a better approximation, and thus allows
for a coarser grid. Concretely, Corollary 2 is proven by analyzing Algorithm 1. The full analysis is
given in Appendix A.

We note that the optimization problem solved by Algorithm 1 is a simple linearly constrained
quadratic program with g = O(k!-%) variables and O(k!®) constraints, so can be solved to high
accuracy in poly(k) time using a variety of methods [YT89; KV86; ART03]. In practice, the problem
can also be solved efficiently using first-order methods like projected gradient descent [WR22].



3.3 Proof of Lemma 11

We conclude this section by proving Lemma 11, our global decay bound on the Chebyshev coefficients
of a smooth, Lipschitz function, which was key in the proof of Theorem 1. To do so we will leverage
an expression for the derivatives of the Chebyshev polynomials of the first kind in terms of the
Chebyshev polynomials of the second kind, which can be defined by the recurrence

Up(z) =1 Ui(z) =2z Ui(z) = 2zU;—1(z) — Ui—2(z), fori > 2.

We have the following standard facts (see e.g., [Riv69]).

Fact 12 (Chebyshev Polynomial Derivatives). Let T} be the §t Chebyshev polynomial of the first
kind, and U; be the j'" Chebyshev polynomial of the second kind. Then, for j > 1, Tj’(a:) =jUj—1(x).

Fact 13 (Orthogonality of Chebyshev polynomials of the second kind). The Chebyshev polynomials
of the second kind are orthogonal with respect to the weight function u(x) = /1 — x2. In particular,

0, fori#j
5, fori=j.

/11 Ui(x)Uj(z)u(z) de = {

With the above facts we can now prove Lemma 11.

Proof of Lemma 11. Let f be a smooth, ¢-Lipschitz function, with Chebyshev expansion f(x) =
2520 chj = ﬁCOTO + 3252 %chj. Using Fact 12, we can write f’s derivative as:

£ =3\ eitiio) = |2 2 jei o)

By the orthogonality property of Fact 13, we then have that
b ' 2 22T =22
[ @ @) de = = Y=

Further, using that f is ¢-Lipschitz and so |f/(x)| < ¢, and that the weight function u(z) = v1 — 22
is non-negative, we can upper bound this sum by
1 71'62

o0 1
]22213203 = /—1f (2) [ (z)u(z) dx Sﬁz/ u(z)de = -

-1

This completes the proof of the lemma. O

4 Private Synthetic Data

In this section, we present an application of our main result to differentially private synthetic data
generation. We recall the setting from Section 1.3: we are given a dataset X = {x1,...,x,}, where
each z; € [—1,1], and consider the distribution p that is uniform on X. The goal is to design an
(¢, 0)-differentially private algorithm that returns a distribution ¢ that is close to p in Wasserstein
distance. For the purpose of defining differential privacy (see Def. 3), we consider the “bounded”
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notation of neighboring datasets, which applies to datasets of the same size [KM11]. Concretely,
X ={x1,...,x,} and X' = {2},...,2},} are neighboring if x; # x for ezactly one value of i.”

To solve this problem, we will compute the first n Chebyshev moments of p, then add noise to
those moments using the standard Gaussian mechanism. Doing so ensures that the noised moments
are (e, 0)-differentially private. We then post-process the noised moments (which does not impact
privacy) by finding a distribution ¢ that matches the moments. The analysis of our approach follows
directly from Theorem 1, although we use a slightly different method for recovering ¢ than suggested
in our general Algorithm 1: in the differential privacy setting, we are able to obtain a moderately
faster algorithm that solves a regression problem involving O(n) variables instead of O(n!=).

Before analyzing this approach, we introduce preliminaries necessary to apply the Gaussian mecha-
nism. In particular, applying the mechanism requires bounding the ¢y sensitivity of the function
mapping a distribution p to its Chebyshev moments. This sensitivity is defined as follows:

Definition 14 (/3 Sensitivity). Let X be some data domain (in our setting, X = [—1,1]") and let
f: X = R* be a vector valued function. The fy-sensitivity of f, Ay r, is defined as:

Agy = F(X) = F(X)]2.

max
neighboring datasets
X, X'ex

The Gaussian mechanism provides a way of privately evaluating any function f with bounded /¢
sensitivity by adding a random Gaussian vector with appropriate variance. Let N(0,0%1;) denote a
vector of k i.i.d. mean zero Gaussians with variance o2. We have the following well-known result:

Fact 15 (Gaussian Mechanism [DKMMNO6; DR14]). Let f : X — R* be a function with (-
sensitivity Ao ¢ and let 02 = A%yf -21In(1.25/5) /€%, where €,6 € (0,1) are privacy parameters. Then
the mechanism M = f(X) +n, where n ~ N(0,0%1};) is (e, 0)-differentially private.

We are now ready to prove the main result of this section, Theorem 4, which follows by analyzing
Algorithm 2. Note that Algorithm 2 is very similar to Algorithm 1, but we first round our distribution
to be supported on a uniform grid, G. Doing so will allow us to solve our moment regression problem
over the same grid, which is smaller than the set of Chebyshev nodes used in Algorithm 1.

Proof of Theorem 4. We analyze both the privacy and accuracy of Algorithm 2.

Privacy. For a dataset X = {z1,...,x,} € [-1,1]", let f(X) be a vector-valued function mapping
to the first £ = [2en] (as set in Algorithm 2) scaled Chebyshev moments of the uniform distribution
over X. lLe.,

%'%12?:1 [ ()
1S Do,
)< | AT

5w i T(@i)

9 Although a bit tedious, our results can be extended to the “unbounded” notation of neighboring datasets, where
X and X’ might differ in size by one, i.e., because X’ is created by adding or removing a single data point from X.

11



Algorithm 2 Private Chebyshev Moment Matching

Input: Dataset z1,...,z, € [—1,1], privacy parameters €, > 0.
Output: A probability distribution ¢ approximating the uniform distribution, p, on x1, ..., x,.

1 Let G = {~1,—1+ 4,1+ (Z7,...,1}. Let r € |G| = 2[en] + 1 and let g; = —1 + 1=}
denote the i*? element of G.

2: Fori=1,...,n,let &; = argmin g [v; — y|. Le., round z; to the nearest multiple of 1/[en].
16 n
3. Set o2 = (l—i-logel;T)Ll2 (1. 25/5)
4: Set k = [2en].' For j =1,...,k, let i, = n; + 1 S0 T;(&;), where n; ~ N(0, jo?).
5: Let qo, ..., g be the solution to the following optimization problem:
k 2
minzl,...,zr Z 3 ( Zzz 9i )
J 1 7’

subject to ZZZ' =land z >0, Vie{l,...,r}.
i=1

6: Return ¢ = >./_; ¢id(x — gi), where J is the Dirac delta function.

By Fact 8, max,, c[_1 1 Tj(z;)| < /2/7 for j € Z~o, so we have:

k
1 8 8
AL, = X)—fxHE<y —- =< 1+1
%! neighbo?i}%Xdatasetst( ) f( )||2 - z_:leLQ T~ mn? ( +log k) (9)
X, X'eX 7=

For two neighboring datasets X, X', let X and X’ be the rounded datasets computed in line 2
of Algorithm 2 — ie., X = {&1,.. xn} Observe that X and X’ are ‘also neighboring. Thus, it
follows from Fact 15 and the Sen51t1V1ty bound of eq. (9) that m = f ( X) + 1 is (e, 0)-differentially
private for n ~ N(0,021y) as long as 02 = 18(1 + log k) In(1.25/6) /(n%€?). Finally, observe that ri;
computed by Algorithm 2 is exactly equal to /7 times the 5 entry of such an . So 11, ..., My
are (e, ¢)-differentially private. Since the remainder of Algorithm 2 simply post-processes My, ..., 7y
without returning to the original data X, the output of the algorithm is also (e, d)-differentially
private, as desired.

Accuracy. Algorithm 2 begins by rounding the dataset X so that every data point is a multiple
of 1/[en]. Let p be the uniform distribution over the rounded dataset X. Then it is not hard to see
from the transportation definition of the Wasserstein-1 distance that:

1
= 2[en]

In particular, we can transport p to p by moving every unit of 1/n probability mass a distance of at
most 1/2[en]. Given (10), it will suffice to show that Algorithm 2 returns a distribution ¢ that is
close in Wasserstein distance to p. We will then apply triangle inequality to bound Wi(p, q).

Wi(p,p) <

(10)

"While we choose k = [2en] by default, any choice of k = [cen] for constant ¢ suffices to obtain the bound of
Theorem 4. Similarly, the grid spacing in G can made finer or coarse by a multiplicative constant. A larger k or a finer
grid will lead to a slightly more accurate result at the cost of a slower algorithm. We chose defauts so that any error
introduced from the grid and choice of k is swamped by error incurred from the noise added in Line 4. I.e., the error
cannot be improved by more than a factor of two with difference choices. See the proof of Theorem 4 for more details.
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To show that Algorithm 2 returns a distribution g that is close to p in Wasserstein distance, we
begin by bounding the moment estimation error:

k
def 1
E :e Z 72 p7 T; >)2 )
j=17
where k is as chosen in Algorithm 2 and (p,T}) = + Y1 T;(Z;). Let o and n1,...,7m; be as in

Algorithm 2. Applying linearity of expectation, we have that:

-3 ] -5

1
- (1 + log k)o? (11)

Now, let ¢ be as in Algorithm 2. Using a triangle inequality argument as in Section 3.2, we have:

| L | L |
Z? )< 27 — )’ 27 —my)* < 2E.

Above we use that p is a feasible Solution to the optimization problem solved in Algorithm 2
and, since ¢ is the optimum, Zf 17 L (g, Tj) —my)?* < Zle J% ((p, T;) — ;). Tt follows that
E[l'?] < 2E[E], and, via Jensen’s mequahty, that E[I'] < /2E[E]. Plugging into Theorem 1, we
have for constant c:

EW(5,0)] < B[]+ 1 < /201 +logk)o? + - = (12

c
k: en

<1og(m) Tog(1 /5)) |

By triangle inequality and (10), Wi(p.q) < Wi(5,q) + Wi (p,p) < Wi(p, q) + gri7- Combined with
the bound above, this proves the accuracy claim of the theorem.

Recall from Section 3 that the constant ¢ in Theorem 1 is bounded by 36, but can likely be
replaced by 27, in which case it can be checked that the 7 term in (12) will be dominated by the
V2(1 + log k)o? term for our default of k = [2en] in Algorithm 2. However, any choice k = O (en)
suffices to prove the theorem. We also remark that our bound on the expected value of Wy (p, q)
can also be shown to hold with high probability. See Appendix B for details.

We conclude by noting that, as in our analysis of Algorithm 1 (see Section 3.2), Algorithm 2 requires
solving a linearly constrained quadratic program with r» = 2[en] 4 1 variables and r + 1 constraints,
which can be done to high accuracy in poly(en) time. O

5 Spectral Density Estimation

In this section, we present a second application of our main result to the linear algebraic problem of
Spectral Density Estimation (SDE). We recall the setting from Section 1.3: letting p be the uniform
distribution over the eigenvalues given A\ > --- > A\, of a symmetric matrix A € R™*" the goal is
to find some distribution g that satisfies

Wi(p,q) < €| Allz. (13)

In many settings of interest, A is implicit and can only be accessed via matrix-vector multiplications.
So, we want to understand 1) how many matrix-vector multiplications with A are required to achieve
(13), and 2) how efficiently can we achieve (13) in terms of standard computational complexity.
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We show how to obtain improved answers to these questions by using our main result, Theorem 1, to
give a tighter analysis of an approach from [BKM22]. Like other SDE methods, that approach uses
stochastic trace estimation to estimate the Chebyshev moments of p. In particular, let mq, ..., myg
denote the first £ Chebyshev moments. Le., m; = % iz1T5(X\i). Then we have for each j,

n

S T(0) = tr(T5(4),

1
mj = —
]

ni4

where tr is the matrix trace. Stochastic trace estimation methods like Hutchinsons method can
approximate tr(7}(A)) efficiently via multiplication of T;j(A) with random vectors [Gir87; Hut90].
In particular, for any vector g € R™ with mean 0, variance 1 entries, we have that:

Elg"Tj(A)g) = tr(T;(A)).

T;(A)g, and thus g? Tj(A)g, can be computed using j matrix-vector products with A. In fact, by

using the Chebyshev polynomial recurrence, we can compute gTTj(A) g forall j=1,...,k using k
total matrix-vector products:
To(A)g=g T1(A)g = Ag - T;(A)g = 2AT;_1(A)g — Tj—2(A)g.

Optimized methods can actually get away with [k/2] matrix-vector products [Che23]. Using a
standard analysis of Hutchinson’s trace estimator (see, e.g., [RA15] or [CK22]) Braverman et al.
[BKM22] prove the following;:

Lemma 16 ([BKM22, Lemma 4.2]). Let A be a matriz with |All2 < 1. Let C be a fized constant,
2

Jj € Zso, o,y € (0,1), and ¢; = [1 + 0105]7,5%/&)1 Let g1,...,g¢; ~ Uniform({—1,1}") and let

mj = e%n szl 9] Tj(A)gi. Then, with probability 1 — a, |1; — m;| < /77

We combine this lemma with Theorem 1 to prove the following more precise version of Theorem 5:

Theorem 17. There is an algorithm that, given € € (0, 1), symmetric A € R"™"™ with spectral density
2 2
p, and upper bound S > ||Al|2, uses min {n, O (% : (1  log"(1/¢) log™(1/ (65))»} matriz-vector products

ne
with A and O(n/e + 1/€3) additional time to output a distribution q such that, with probability at
least 1 — 9, Wi(p,q) <e€S.

Proof. First note that, if € < 1/n, the above result can be obtained by simply recovering A by
multiplying by all n < 1/e standard basis vectors. We can then compute a full eigendecomposition
to extract A’s spectral density, which takes o(n?) time. So we focus on the regime when € > 1/n.

Without loss of generality, we may assume from here forward that ||A|l2 < 1 and our goal is to prove
that Wi(p, q) < e. In particular, we can scale A by 1/S, compute an approximate spectral density ¢
with error €, then rescale by S to achieve error €S. As mentioned in Section 1.3, an S satisfying
|All2 < S < 2||Al|2 can be computed using O(logn) matrix-multiplications with A via the power
method [KW92]. Given such an S, Theorem 17 implies an error bound of 2¢||A||2. In some settings
of interest for the SDE problem, for example when A is the normalized adjacency matrix of a graph
[CKSV18; DBB19; JKMSS24], || A2 is known a priori, so we can simply set S = || A4]|2.

Choose k = ¢/e for a sufficiently large constant ¢ and apply Lemma 16 for all j = 1,...,k with
L , and a = 0/k. By a union bound, we obtain estimates 71, ..., My satisfying, for all 7,

T eitiogk
iy —my| < Viv=+VJj

1
R — 14
kI + logk (14)
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Applying Theorem 1 (specifically, (3)) and Corollary 2, we conclude that, using these moments,
Algorithm 1 can recover a distribution ¢ satisfying:

2c
Wilp,q) < -
Le., we have Wi(p, q) < € as long as é > 2¢/. This proves the accuracy bound. We are left to analyze
the complexity of the method. We first bound the total number of matrix-vector multiplications

with A, which we denote by T'. Since ¢; < ¢;_; for all j, computing the necessary matrix-vector
product to approximate m; only costs £;_; additional products on top of those used to approximate

—1. So, recalling that ¢; = [1+ %L we have:

Tz(l CW)+(1 010@<k/6>>+...+<1+0k>g2<k/6>>_

ny>2 2n~y? kn~y2

Using the fact that 1 +1/24...4+ 1/k <1+ log(k) we can upper bound T by:
log? 1 ?log? log?
p— (,H og?(k/9) og(k)) :O<k+ K log? (k/6) log (@)7

ny? n
which gives the desired matrix-vector product bound since k = O(1/e).

In terms of computational complexity, Corollary 2 immediately yields a bound of poly(1/€) time to
solve the quadratic program in Algorithm 1. However, this runtime can actually be improved to
@(1/63) by taking advantage of the fact that My, ...,y obey the stronger bound of (3) instead of
just (1). This allows us to solve a linear program instead of a quadratic program. In particular, let C

be a grid of Chebyshev nodes, as used in Algorithm 1. Le., C = {1, ..., 24} where z; = cos <%ﬂ').

Let q{“P, e ,qgjp be any solution to the following linear program with variables z1, ..., z4:
minimize 0

g
subject to Zzi =1
i=1
zi >0, ViE{l,...,g}

g o
ZT:UiziSm] <f’y—|—y >,Vj€{1,...,/<:}
=1

g /o
ZijzzZZm] <\f —|—] >,Vj€{1,...,k}.
=1

We first verify that the linear program has a solution. To do so, note that, by Equation (16) in

Appendix A, there exists a distribution p supported on C = {x1,..., 24}, such that |m;(p) — m;(p)| <
jV2r
g

. By (14) and triangle inequality, it follows that p is a valid solution to the linear program.

Next, let ¢"F = 7 qZ P§(x — x;) be the distribution formed by any solution to the linear program.
We have that, for any j,

Imy = (@ )| < (@715 — g | + g — mj| < 2/ +

iV2r
P

Setting g = k'%/1 + log(k) and plugging into Theorem 1, we conclude that
Wi(p,¢"") < O(1/k).
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The linear program in (15) has g = O(k'%) variables, boundary constraints for each variable, and
2k + 1 other constraints. It follows that it can be solved in O(gk - Vk) = O(k?) time [LS14; LS15],
which equals O(1/¢€?) time since we chose k = O(1/e). O

6 Empirical Evaluation of Private Synthetic Data

In this section, we empirically evaluate the application of our main result to differentially private
synthetic data generation, as presented in Section 4. Specifically, we implement the procedure given
in Algorithm 2, which produces an (e, §)-differentially private distribution ¢ that approximates
the uniform distribution, p, over a given dataset X = x1,...,2, € [—1,1]. We solve the linearly
constrained least squares problem from Algorithm 2 using an interior-point method from MOSEK
[DB16; MOS19; ART03]. We evaluate the error Wi (p, q) achieved by the procedure on both real
world data and data generated from known probability density functions (PDFs), with a focus on
how the error scales with the number of data points, n.

For real world data, we first consider the American Community Survey (ACS) data from the
Folktables repository [DHMS21]. We use the 2018 ACS 1-Year data for the state of New York; we
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Figure 1: Experimental validation of Algorithm 2 for private synthetic data. For each dataset, we
collect subsamples of size n for varying choices of n. We plot the W distance between the uniform
distribution, p, over the subsample and a differentially private approximation, ¢, constructed by
Algorithm 2 with privacy parameters ¢ = 0.5 and 6 = 1/n?. As predicted by Theorem 4, the
Wasserstein error scales as O(1/n). The solid red line shows the mean of Wy (p, q) over 10 trials,
while the shaded region plots one standard deviation around the mean (based on the empirical
variance across trials). The blue dotted line plots the theoretical bound of Theorem 4, without any
leading constant.
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give results for the PINCP (personal income) column from this data. We also consider the California
Housing dataset [PB97]; we give results for the HouseAge (median house age in district) column,
from this data. Finally, we consider the CDC Diabetes Health Indicators dataset [Teb21; KLN24];
we give results for the PhysH1th (number of physically unhealthy days) from this data. For each of
these data sets, we collect uniform subsamples of size n for varying values of n.

In addition to the real world data, we generate datasets of varying size from three fixed probability
distributions over [—1,1]. We set the probability mass for € [—1, 1] proportional to a chosen
function f(x), and equal to 0 for = ¢ [—1,1]. We consider the following choices for f: Gaussian,
f(z) = e 057", Sine, f(z) = sin(rz) + 1; and Power Law, f(z) = (z + 1.1)"2.

For all datasets, we run Algorithm 2 with privacy parameters ¢ = 0.5 and § = 1/n?; this is a
standard setting for private synthetic data [MMSM22; RHR"23]. We use the default choice of
k = [2en]. In Figure 1, we plot the average Wasserstein error achieved across 10 trials of the method
as a function of n. Error varies across trials due to the randomness in Algorithm 2 (given its use of
the Gaussian mechanism) and due to the random choise of a subsample of size n.

As we can see, our experimental results strongly confirm our theoretical guarantees: the average W1
error closely tracks our theoretical accuracy bound of O <log(en)\/ log(1/9)/ en) from Theorem 4,
which is shown as a blue dotted line in Figure 1.
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A Proof of Corollary 2

In this section, we give the full proof of Corollary 2. We require the following basic property about
the Chebyshev nodes:

Lemma 18 (Chebyshev Node Approximation). Let C = {z1,...,x,} be the degree g Chebyshev

2i—1

nodes. le., x; = cos( 5 71'). Let r¢ : [-1,1] — C be a function that maps a point x € [—1,1] to

the point y € C that minimizes |cos™! (z) — cos™(y)|, breaking ties arbitrarily. For any x € [—1,1],
|cos™H(z) — cos ™ (re(z))] < g

Proof. For any two consecutive points x;, x;41 in the C,

‘cos_l(:ci) - cos_l(:viﬂ)‘ =T
g

Since cos™!(z) is non-increasing, for any x € [r;y1,2;], cos~(z) € [cos™!(z;),cos™ (wit1)]. So,
cos~!(x) has distance at most 34 from either cos~1(x;) or cos™!(z;11). Additionally, we can check

that |cos™!(z)

— cos ()] < 34 forany z <z and lcos™H(z) — cos ™ (z4)| < 2g forany x > zg. [

With Lemma 18 in place, we are ready to prove Corollary 2.
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Proof of Corollary 2. Let C and 1¢ : [—1,1] — C be as in Lemma 18. For i € {1,...,g}, let Y; be
the set of points in [—1, 1] that are closest to z; € C, i.e., Y; = {z € [-1,1] : r¢(x) = x;}. Let p be a
distribution supported on the set C with mass sz p(x)dx on z; € C. For all j € 1,...,k we have:

zg:/ T](x)p(x) dx — (/Y p(z) dx) Tj(azz)

i=1"Yi i

(. Ty) — (5. T5)| = ‘

= :1 (/ZP(IL") d:n) Tj(yi) — </Yz p(z)d ) T;(x:) (for some y; € Y;)
Si /lp(x) dfﬂ) IT5(p:) = T (i)

(
(/12 p(x) dm) : \/E ‘cos(j cos™H(y;)) — cos(j cosfl(xi))‘
(

The second equality follows from the intermediate value theorem. The first inequality follows by
triangle inequality. The third equality follows by the trigonometric definition of the (normalized)
Chebyshev polynomials. The second inequality follows from Lemma 18 and the fact that the
derivative of cos(jz) is bounded by j. The bound in (16) then yields:

% 1/2
(Z ]1 (0. 15) - <13,Tj>)2) < \/T. (17)
7j=1

Observe also that, since p is supported on C, it is a valid solution to the optimization problem solved
by Algorithm 1. Accordingly, we have that:

- . 1/2 oy o, 1/2
(Z.z (; — (@ T)) ) < (Z-z (s = 5. T3)) ) 18)

=17 j=17

Applying triangle inequality, followed by (18), triangle inequality again, and finally (17), we have:
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Setting g = [k%], we can apply Theorem 1 to conclude that, for a fixed constant ¢/,

/2§c'~(]1+F). ]

=)

C
W <S4or
1(p,q)_k+ +
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B Theorem 4 High Probability Bound

In this section, we prove the high probability bound on Wasserstein distance stated in Theorem 4,
which follows from a standard concentration bound for sub-exponential random variables [Wail9].
We recall that a random variable X is subexponential with parameters (v, a) if:

E[MX-EIXD] < ov*3%/2 for all Al < S
[0

We require the following well-known fact that a chi-square random variable with one degree of
freedom is subexponential:

Fact 19 (Sub-Exponential Parameters [Wail9, Example 2.8]). Let n ~ N(0,02). Then, n? is
sub-exponential random variable with parameters (202, 40%).

We also require the following concentration inequality for a sum of sub-exponential random variable:

Fact 20 ([Wail9, Equation 2.18]). Consider independent random variables ~1,...,v,, where,

Vj e 1,...,k, v; is sub-exponential with parameters (v;,c; ). Let v, = 1/29?21 1/]2 and o, =
max {ai,...,ar}. Then we have:

2

exp(;—lf;) for0<t< 2,
2
exp (%) fort > 2.

k
P [Z (vi = Elyl) = t] < {
j=1

Proof of high-probability bound of Theorem 4. Recalling the proof of the expectation bound of The-
orem 4 from Section 4, it suffices to bound E = Z§:1 ]% (12 (p) — (P, TJ>)2 with high probability.

Let v; = n?/jQ, where n; ~ N(0, jo?) is as in Algorithm 2. Then recall that E = Z§:1 Y-

From Fact 19, «; is a sub-exponential random variable with parameter (202 /4, 402/ j). We can then
apply Fact 20, for which we have v, = \/Z;?:l 401/42 < 2m0?/+/6 and a, = 40%. For any failure
probability 8 € (0,1/2), setting ¢ = 8log(1/3)c?, we conclude that:

P[E ~E[E] > 8log (1/8)0°] < 5.
Recalling from Equation (11) that E[E] < (1 + logk)o?, we conclude that E < 8log (1/8) 0 + (1 +
log k)o? with probability at least 1 — 3.
The rest of the details follow as before. In particular, as in Equation (12), we can bound:
1
2[en]’

where I' < v/2E. Plugging in & = [2en] (as chosen in Algorithm 2) and recalling that o2 =
15(1 +log k) In(1.25/8) /(e*n?), we conclude that with probability > 1 — 3, for a fixed constant c,

Vlog(en) + log(1/B)/log(en) log<1/6>) ' 0

en

36
Wi(p,q) < \/§F+?+

Wi(p,q) < c(
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C Spectral Density Estimation Lower Bound

In this section, we provide a lower bound on the number of matrix-vector multiplications required
for spectral density estimation. We first need the following theorem from Woodruff et al. [WZZ22],
which shows that estimating the trace of a positive semi-definite matrix A to within a multiplicative
error of (1 + ¢€) requires ©(1/¢) number of matrix-vector multiplications with A.

Theorem 21 (Restated [WZZ22, Theorem 4.2]). For all § > 0 and € = O(l/m), any
algorithm that is given matriz-vector multiplication access to a positive semi-definite (PSD) input
matriz A € R™™ with ||All, < 1, n/4 < tr(A) < n and succeeds with probability at least 1 — §
in outputting an estimate t such that |t —tr(A)| < e - tr(A) requires Q (M) matriz-vector

€
multiplications with A.

As a corollary of this result, we obtain the following lower bound, which shows that Theorem 5 is
tight up to log(1/e) factors:

Corollary 22. Any algorithm that is given matriz-vector multiplication access to a symmetric
matriz A with spectral density p and ||A|, < 1 requires (M) matriz-vector multiplications

€
with A to output a distribution q such that Wi(p,q) < e.

Proof. The proof is via a direct reduction. Consider a PSD matrix A with ||Al|, < 1,n/4 < tr(A) <mn,
and spectral density p. Suppose we have a spectral density estimate ¢ of p such that Wi(p, q) < €/4.
We claim that { =n - f_ll zq(x) dx yields a relative error approximate to A’s trace, implying that
computing such a g requires Q(log(1/d)/e) by Theorem 21.

In particular, applying Kantorovich-Rubinstein duality (Fact 7) with the 1-Lipschitz functions
f(z) =z and f(z) = —z, we have that:

/1 axp(x) dx — /11 xq(x)dr < €/4 and /1 zq(z) dx — /11 xzp(z)dr < e/4. (19)

-1 — —1 —
We have that fil zp(z) dz = Ltr(A). So (19) implies that £ =n - fil xq(x) dx satisfies:

[t —tr(A)| <n-e/4 <e-tr(A). O

27



	Introduction
	Chebyshev moment matching
	Our contributions
	Applications

	Preliminaries
	Main Analysis
	Proof of Theorem 1
	Efficient recovery
	Proof of Lemma 11

	Private Synthetic Data
	Spectral Density Estimation
	Empirical Evaluation of Private Synthetic Data
	Proof of Corollary 2
	Theorem 4 High Probability Bound
	Spectral Density Estimation Lower Bound

